A new method is proposed which enables one to convert the formulae for a uniform multi-component system to those for a non-uniform one. As an application of the method, the expansion formulae of. the free energy, potentials of average force and distribution functions for a non-uniform multi-component system are derived in a simple and systematic way. The formulae are obtained both for a continuous and for a lattice system. The formula obtained for the free energy for a continuous system coincides with that given by Arinstein, and the first few terms of the formulae for the free energy and the pair distribution function for a lattice system are identical to those given by Yvon.
§ I. Introd uction
The expansion formulae of the free energy and distribution functions in powers of the one particle distribution function are long and well-known for a uniform one-.component continuous system. *1,2) The corresponding formulae for a uniform one-,component lattice system * will be obtained by the same method, as has been noticed by Fuchs 3 ).
For a uniform multi-component continuous system, the expansion formula of the free energy has long been known 5 ) and that of the distribution functions was derived lately by Meeron 6 ).
It seems, however, to be improper to .apply the ordinary virial expansion formulae to non-uniform systems such as the .solid state, the system of two phases in equilibrium, the ordered states of solid solutions or antiferromagnetic Ising system, etc. In such cases, use of the expansion formulae in powers of the one particle distribution function will be more suitable. In fact, for a non-uniform lattice system, the first few terms of the expansion of the free energy and the pair distribution function in powers of the one
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particle distribution function have been obtained by Yvon 4 ).
For a non-uniform continuous system, the expansion formula of the free energy was lately given by Arinstein 7 ) in full terms, though without detailed derivation. The derivation of the expansion formulae will be much simpler and more direct for uniform systems than for non-uniform systems, and the expansion formulae for uniform cases have already been derived, as mentiond above. Then it will be interesting if we can obtain the formulae for the non-uniform systems by such a method as starting with the formulae obtained for the uniform systems, without any effort to repeat or generalize the derivation for the uniform cases. In this paper, it will be shown that such a method exists in fact: The formulae for a non-uniform system will be shown to be obtained by applying the formulae for a uniform system to a uniform system proj:)erly constructed. The method will be illustrated for the cases of the expansion formulae of the free energy, potentials of average force and distribution functions in powers of the one particle distribution function.
In ~ 2 will be given a procedure to convert the formulae for a lattice system to those for a continuous system and vice versa. By the aid of the procedure introduced in § 2, the expansion formulae of the free energy, potentials of average force and distribution functions for multi-component continuous and lattice systems will be obtained in § 3 and ~ 4. The procedure used in § 3 and § 4 is merely the application of the known virial expansion formulae for a uniform multi-component lattice system to a lattice system properly constructed. § 2. Relations hetween quantities for a continuous system and those for a lattice system In order to deal with both continuous and lattice systems at the same time, it is convenient to introduce the transformation procedure which enables one to transform the quantities for a continuous system to those for a lattice system and vice ve rsa. In this section, we shall discuss this transformation procedure, which is to be used in the following sections. 
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where :;SJf=l means that the sum is to be taken over all coordinates of the center of the cells. Now we assume that the centers of the cells constitute a lattice, then ZL is the partition function of the lattice system, of L lattice sites, of which the potential energy is given by (/J (Xl, X 2 , " ' , XN) ' The n particle distribution function of our system is
(!}~) (Xl) .. " Xn) is the n particle distribution function of a lattice system. As the result, we can transform the formulae for the continuous system to those for the lattice system by the procedure of replacements:
Reversely, if we consider the continuous system as a lattice system with infinitesimal LJ, then we can transform the formulae for a lattice system to those for a continuous system by the procedure reverse to that just introduced. § 3. Free energy
The systems considered in the following are those of which the potential ·energy is given by the sum of potential energies between pair of particles:
for continuous systems and 
where (1\1 = JV . . jV. Here, A on ~(A) implies the specification by Mayer1.8) that the· sum is to be taken over all products which are more than singly connected; strictly speaking, the term of n = 2 is the exception where Ii,i is taken. The corresponding formula of the free energy AL for a uniform multi-component lattice system, of L lattice sites, is obtained from (3·3) by an application of the~ procedure (2·2) and (2·3) as with where {J\I=J.V\I/L.
Now, we turn to the derivation of the expansion formulae of the free energy for a lattice system of L lattice sites, in which the one particle distribution function p(X) =p\I(R) (v=a, ... , T ; R=l,"', L) is prescribed. In order to deal with this system in the following, we shall regard the particles of the same species on the· different lattice sites as the particles of different species, and take our system as if it were a lattice site composed of particles of the species la, 1,9,"', 1 T, 2a,"', La,~ .. , LT (d. Fig. 1) , and then construct a uniform multi-component lattice system of A1 lattice sites, composed of MN=M~Jl=l ~~=aPll(R) particles, of which Mpll(R) are of the species Rv(R=l, .. ·, L; v=a,"', T) (d. Fig. 2) . Then, for the lattice ensemble constructed in this way, the expansion formula for the uniform system is applicable and we shall be able to obtain the corresponding formula for the non-uniform lattice system. This system can be taken as a lattice site 0, occupied by particles of the species, la, 1 [3, ... , h,.··, La,"', L'1". The density is pIl..,=p..,(R). Since the free energy is an extensive quantity, the free energy of the ensemble (system) of Fig. 2 is lYI times the free energy AL of the system of Fig. lao Therefore, the application of (3 -5) to the system given in Fig. 2 leads to
where f2i denotes a lattice site (system) in formula for a lattice system. The analogous formula for a continuous system can be obtained by applying the procedure (2·2) and (2·3) in the reverse direction to (3 ·10), and we have
In the above, we have taken two particles of the same species at different posItIOns as if they were of different species.* For systems in thermal equilibrium, the condition of the identity of the particles is described by the equality of the chemical potentials, which means that they can be connected to the same particle bath without change in the thermodynamic state of the system. This condition for a lattice system is , , .
When we have p~l) (R) or p~l) (r) prescribed, it will satisfy (3· 12) or (3· 14) .
* What used in eq. (3 ·10) is only the indifference of the potential energy. (3, 14) , describing the condition of the thermal equilibrium, are nothing but the extremum condition of the free energy (3· 10) , and (3· 11) for the variations by p); ( R) and p); (r ), respectively, under the restriction, (3 ·15) and (3 ·17), for the number of particles in the system. § 4. Distribution functions and potentials of average force For the case of the distribution functions and potentials of average force, we will use the procedure used in the previous section for the case of the free energy. That is, we apply the virial expansion formula of the distribution functions or potentials of average force to the system as constructed in Fig. 2 which is the ensemble of the systems of Fig. 1 , the system under consideration. Here, we will treat the expansion of the potentials of average force. As to the expansion formula -of the distribution functions, we will only give the results.
The potential of average force of n particles for a continuous system is defined by (4 ·1) III terms of the distribution functions of nand 1 particles pCrt) (x b , ", xn) and p(l) (x) =p(x) =p);(r). For a lattice system, it is (4·2) where p(n) (X 1. " ' , Xn) and p(l) (X) =p(X) =p);(R) are the nand 1 particle distribution functions, respectively.
The virial expansion formula of the potential of the average force of n particles IS given b y 6,9)
Here, W on ~(TV) implies that the sum is to be taken over all products for which each particle of the set {xn + h ... Xn +,,} is connected to at least two of {x h "', xn} by * Compare with the situation for a uniform systems where we could start directly with (3 ·5) 'or (3·3): (3·5) or (3·3) is written in terms of the thermodynamical quantities, V or L, T and N/s, alone, while it is not the case with (3 ·10) and (3 ·11).
an independent path and also for which the particles {x n + h " ' , x n _ p } are connected' independently of the particles {XI,"" xn}.
The virial expansion formula for a lattice system is obtained by an application of the procedure (2·2) and (2·3), as We apply this (4·4) to the system of Fig. 2 --the ensemble of the systems. of Fig. 1 --, then we have for a continuous system. Here, G on ~«(;) implies that the sum should be taken over all products for which each particles of the set {X,..,+h"·, X. rHS } or {X,.."n,"·, X m +8} are connected at least to two of {x h " ' , xm} or {X I, · · · , X,..,} by an independent path. ~ 
Conclusion
We have obtained the expansion formulae of the free energy, potentials of average force and distribution functions in powers of the one particle distribution function both for a lattice and for a continuous system, starting from the known virial expansion formulae of the respective quantities for uniform multi-component systems. The main results of this paper are eqs. (3·10), (4·7) and (4·9) with (3·6) for a lattice system and eqs. (3·11), (4·8) and (4·10) with (3·4) for a continuous system. Eq. (3· 11), the expansion formula of the free energy for a continuous system, is identical to that given by Arinstein.
)
First few terms of eqs. (3· 11) and (4, 10) for m = 2, the expansion formulae of the free energy and the two particle distribution function for a lattice system, are identical to those given by Yvon.
If there are quantities of which virial expansion formulae are known for uniform multi-component system, their expansion formulae in powers of the one particle distribution function wm be obtained by the procedure developed in this paper.
In conclusion, we will give some comments on the method used in the text. We have arranged the replicas of our system in a lattice form, but without introducing the interaction between the replicas. One might think that, without the interaction between the replicas, the arrangement on the lattice could not be essential in the derivation. On such a standpoint, we would have adopted an alternative method of derivation, which is different in the order of reasonings but essentially equivalent to that in the text. First, we consider such a uniform lattice system, of M equivalent lattice sites, in which the interaction between the lattice sites is absent, and apply the formulae for a uniform lattice system to this system. As the lattice system just considered may be taken simply as an ensemble of M relpicas of one of lattice sites, the resultant formulae may also be taken as those for this ensemble. Then, if we have had this one of lattice sites corresponded to a lattice system, may it be uniform or non-uniform, we would have obtained the formulae for the ensemble of M replicas of the lattice system and then those for the lattice system, which have just been aiming at.
The constructionof the theory of phase transition between solid, liquid and gas, both for a lattice and for a continuous system, on the basis of the expanSIOn formulae obtained in this paper will be discussed in a separate papeL lO ) The author wishes to express his cordial thanks to IVlr. R. Abe for valuable discussions on this work.
